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As a result of development of optics during many centuries the con-
cept was formed that a medium can strongly influence on the light
propagation, but the light itself cannot have backward influence on
the medium. That concept was refuted only with appearing of co-
herent and high power radiation of lasers, see, e.g., Nobel Lecture
by N. Bloembergen in 1981. A new field in physics—nonlinear op-
tics—formed as a result. The main part of laser investigations con-
cerns with nonlinear optical phenomena, nowadays. First of all these
phenomena are of extraordinary interest and beauty and provide for
new methods of physical investigations. Secondly, the knowledge of
laws governing the interaction of a powerful light with a medium is
necessary for the correct utilization of laser beams. Finally, a great
number of devices of up-to-date laser optics is totally based on uii-
lization of nonlinear optical effects; generation of higher harmonics
of light, stimulated scattering of light, optical phase conjugation, self-
focusing and optical bistability are amongst. To realize the nonlinear
optical effects, however, it was nearly always necessary to use pow-
erful lasers pulses.

A new direction in liquid crystals (LC) physics—orientational op-
tical nonlinearity of LC (mesophase)—appeared and is rapidly de-
veloping recently. Now it became obvious to everyone that the electric
field of the light reorients the LC’s director as well as a static magnetic
or electric field do. Till the first experiment, however, the answer to
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a simple question was far from being obvious, namely, whether the
transparency of mesophases would be enough to transmit the light
of sufficient power to a length sufficient for observation of optical
effects of orientational nonlinearity. The answer turned out to be
positive, fortunately, and that yielded the necessity to write the pres-
ent review.

The orientational nonlinearity of mesophases turned out to be
10® - 10'° orders of magnitude greater than the nonlinearity of “usual”
media. That allowed to observe those effects using low-power c.w.
lasers.

High spatial locality (up to the size 200A) and temporal resolution
(up to 10~ '%) of laser beams are promising for nonlinear optical
effects to become a unique method for investigations of LC’s physical
properties. Nowadays such devices based on LC as electrooptical
shutters and optically controlled light valves are largely used for the
control of light beams and in optical processing of information.

1 GIANT OPTICAL NONLINEARITY (GON) OF NEMATICS:
EXPERIMENT AND SIMPLE ESTIMATES

1.1 Experiment®

The radiation of a He-Ne laser (A = 0.628 wm), having a power from
0 to 20 mW, was focused by a lens with focal length 25 ¢cm on a 60-
pm-thick cell with the nematic liquid crystal (NLC), in planar ori-
entation, Figure 1. The cell was inclined with respect to the beam so
that the polarization unit vector of the extraordinary wave inside the
LC made an angle a with the director, i.e. with the optical axis. The
angular structure and the divergence of the transmitted radiation was
registered in the far zone. The angular distribution of the transmitted

/YL P

£

FIGURE 1 Experimental scheme for the GON observation, L-laser, LC-NLC-cell,
P-screen.
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100mrad

FIGURE 2 Angular distribution of incident beams and the one transmitted through
the cell for different cases: a) incident beam (left) and broadened due to self-focusing
one (right), W = =3 mW, b) incident beam (left) and the one with smaller divergence
after self-focusing in the cell, the latter placed behind the focal waist (right); c) co-
incidence of angular spectra of incident and transmitted beams in cases of ordinary-
polarized wave and normal incidence of extraordinary wave; d) aberration fringe
pattern of self-focusing in transmitted beam (W = 20 mW, ten-fold scale).

wave was practically the same as in the absence of the cell for the
low power level, W < 3 mW, Figure 2. The angular divergence of
the transmitted beam increased with increasing power. In subsequent
experiments, for a higher power W ~ 20 mW, the angular distribu-
tion in the far zone took the peculiar form of circular fringes. The
effect increased with increasing angle o. (maximal value of « was 32°
in the experiment). The divergence did not increase but even de-
creased, relative to its initial value, when the power was increased
from zero to 10 mW, if the cell was moved to the region beyond the
waist of the focused beam, i.e. to the region of the diverging wave.
This means that the cell plays the role of a positive lens focusing the
diverging wave—Figure 3. Thus, the self-focusing effect was regis-
tered for a very low power level, W ~ 3 to 10 mW; the corresponding
power density on the cell was about 50 W/cm?. The establishment
time of the effect was about 10 s. The control experiments showed
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FIGURE 3 The effect of the collecting (self-focusing) lens on the light beam.

that, in correspondence with the theory, the effect was absent for a
wave incident normal to the cell, @« = 0, and for an ordinary wave
at any orientations of the cell.

1.2 Estimates

Detailed measurements of the dependence of the nonlinear lens force
on the angle o and on the light intensity were carried out in these
experiments. The detailed discussions of the results of the above as
well as of the subsequent experiments and comparison with theory
is postponed to Chapter 4. Here we shall confine ourselves to the
simplest estimates confirming that in the experiment we had found
just the effect we were seeking, i.e. the orientational optical nonlin-
earity.

The strength of the light wave electric field in a beam of 50 W/cm?
in power is |E| = 0.5 esu = 1.5.10° V/cm. The anisotropic part of
the field interaction energy with a NLC equals Uy = —(g,/16m)
|E|*cos* (e — 86), where g, = g, — ¢, is the anisotropy of the NLC
dielectric constant at the light frequency; &, = n} — n3 = 1.712
— 1.512 = 0.64 in the experiment. For example, the director reo-
rientation to an angle 88 > ( at « = 45° brings the optical axis nearer
to the direction of the field E and decreases the energy by the quantity
dUp(erglcm®) = — (g,/167) - |[E|*36. However, the planar orientation
is fixed on the cell walls, so that the perturbation of 86 is maximum
in the middle of the cell and vanishes on the walls. The corresponding
density of the inhomogeneous deformation energy is 8U, = K(86/
L)?, where L is the cell thickness, K(erg/cm) ~ 107¢ is the Frank
constant. Minimizing the sum 8U; + 8U, we obtain the director
reorientation angle 80 = ¢,|E[?’L%32nK ~ 6.1072 rad in the experi-
ment. Such a deflection of the optical axis leads, at « = 45°, to a
change in the extraordinary wave refraction index by the quantity dn
~ (n, — n,) 86 = 1,2.107% > 0. An additional phase shift 8¢ =
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2wzdn/N = 10 rad arises on the distance z = L/cosa = 1.4L as a
result. This value corresponds to the beam centre, where the intensity
|E? is maximum. In the beam edge 3¢ =~ 0. The wavefront of the
central region of the beam turns out to be retarded with respect to
the peripheries as a result of 8z > 0, which means self-focusing of
the light. Self-focusing effect in nonlinear optics is usually described
in terms of the dependence of the medium dielectric permittivity e
at the light frequency on the field intensity, ¢ = g, + 0.5g,|E[> where
e,(cm?/erg) is the nonlinearity constant. For one of the most nonlinear
medium—liquid carbon bisulphide CS,—this constant is equal to ¢,
= 1071° cm¥/erg (see below, Chapter 2).

The value of ¢, calculated with the use of the results of the ex-
periment under consideration is &, = 0.07 cm®/erg, i.e. it is about 10°
times greater than for CS,. In this context the orientational optical
nonlinearity has been referred to as ‘“‘giant” (GON).

The order of magnitude of Frank constants, as is known, can be
obtained proceeding from the assumption that at 100 per cent de-
formation over the scale of the order of molecular size a,, the dis-
turbed free energy density Ka,,> coincides with Nk;T, where N ~
a,;? is the density, kz7 is temperature in energy units; this gives the
following estimate K ~ Na2,kzT ~ kgTla,,. On the other hand there
is the following estimate for the orientational nonlinearity constant
for an isotropic liquid consisting of optically anisotropic molecules:
£5(IL) ~ (NkpT)~'. We come as a result to the conclusion that if
g, ~ 1 in the mesophase, the corresponding constant ¢,(GON) ~
L#K is greater than &,(IL) by a factor

e,(GON) ( L )2
e(IL) \a

m

Actually that factor is about 10° in accordance with the experimental
results if L = 5.1073 c¢m, a,, ~ 1077 cm. The establishment time of
the nonlinearity increases practically to the same factor. This means
that nearly the same value of |E’t, (¢, is the light pulse duration) is
necessary to obtain a given value of the disturbance 8¢ both in iso-
tropic liquid, and in a mesophase.

More complicated deformations of LC will be considered in the
forthcoming parts of the review. The scale of the light waves inter-
ference pattern will act there instead of the cell thickness L. With
account of this replacement the above obtained estimate for the ad-
vantage factor works in general case.
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2 BASIC NONLINEAR OPTICS

2.1 Electronic nonlinearity

In a strong enough light field
1 . 4
Erea(r) = SIE@)e ™ + E*(r)e] @1

the polarization P, i.e. the unit volume dipole moment, can contain
terms of higher orders of E:

Preal = X(I)Ereal + X(Z)E%eal + X(3)E1%eal + - (22)

For simplicity we consider here a monochromatic field and do not
write down explicitly the indices of the vectors and tensors E, P and
x®. In linear approximation the electric induction equals D = E +
4wP = ¢E, where ¢ = 1 + 4wy, and x'V is the linear polarizability
(dimensionless in the esu system). It can be estimated by considering
an electron wave function disturbance in the molecule in the first
order of the dipole Hamiltonian of the interaction U = —dE. Indeed,
|3Y,>~(d,,Elhw,;,)|¥,>, where d,, is the transition dipole moment
matrix element, Aw,, is the energy difference. As a result, the value
of the induced dipolar moment is {(d) = (¥,|d[|5V,) = |d,, [*(ho,,) 'E
= BE, where B = |d,,|¥fiw,, is the molecular polarizability (having
the dimensions of cm®). Here we have assumed that the light fre-
quency w lies considerably below the frequencies w;, of the main
dipole-active transitions. Taking into account that |d,,| ~ ea,,, where
e is the charge of the electron, a,, is the size of an electronic orbit,
and considering that fw,, ~ e*a,, i.e. fw,, is of the order of the
Coulomb energy of an electron with respect to the charged frame-
work, we obtain the estimate for B, 8 = a2;. Designating the number
of molecules in cm® by N, we have P = N{d), x'V) = NB; e =1 +
47 NB. In typical dielectrics a,, = 1078 ¢cm, 8 = 1072* ¢cm?, N = 10%
cm ™3, xM = 107!, ¢ = 2, so that the refractive index value n =
Ve is about 1,5.

From the previous consideration the important conclusion is that
the parameter determining the weakness of the electron wave function
perturbation is d,,E/fiw,,, which can be rewritten in the form E/E .
Here E, = fw;,/d, is the typical strength of the intramolecular
field, for which one can estimate that E_, = e/az, ~ 0.5.107 esu =~
1.5.10° V/cm.
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To estimate the medium nonlinear polarizabilities x'¥, x*® one
must take into account that every additional degree of the external
field E leads, in the framework of the perturbations theory, to the
appearance of an additional degree of E,_, in the denominator, so
that

X? = cxWE.o, X = exVIEZ, (2.3)

Here c;, ¢, are dimensionless coefficients of the order of 1. Note,
that the relation P, = x4 E, E, changes the sign under the operation
of the coordinate system inversion. Therefore x® = 0 (i.e. ¢; = 0)
for media (or molecules) with a centre of symmetry. In crystals with-
out the centre of symmetry the typical values of quadratic polariza-
bilities x® equal x® =~ 107 — 108 esu, which corresponds to ¢, ~
0,05 - 0.5.

The cubic nonlinearity x® is not constrained and, therefore, is
different from zero in every medium. For glasses, crystals and other
condensed media far from resonance x® ~ 1071 — 10~ cm’/erg
(in esu units), which corresponds to ¢, ~ 0,75 — 2,5. The response
of a system (nonlinear as well as linear) is practically instantaneous
on a scale of a light wave period T = 2w/w, if the frequencies w,, of
the strongest transitions in the molecules lie in the ultraviolet, and
the light frequency o lies in the visible, i.e. if ®;, >> w. Then the
quadratic term x®EZ,,, describes two effects—appearance of polar-
ization P,,, at doubled frequency

Py(r)e=2t = xPE(r)E,(r)e” ! (2.4)
1.e. the second harmonic generation, and appearance of the static
polarization Py(r) = x?E_ (r)E%(r) (optical rectification). The cubic
term xE3,,, gives the third harmonic of the light

Py, (r)e= % = yOF (r)E (r)E, (r)e 3 (2.5)

In addition the cubic term gives rise to an additional polarization
at the initial frequency w:

P (r)e " = xPE (r)E_(r)EX(r)e ™ (2.6)

We can say that in the relation D exp( —iwt) = eE exp(—iwt) the
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medium dielectric permittivity was changed by a quantity propor-
tional to the light field intensity |E|*:

e = g5 + 0.5 g E]% g, = 8uyx® (2.7)

(the multiplier 0.5 in the first relation (2.7) is inserted by established
convention). The electronic contribution to the constant &, of con-
densed media is g, ~ 107" — 10~ '* cm%erg. The quantity €5 !, of
dimension erg/cm?, characterizes the intramolecular energy density
of the order of Nhw,,, with which the light field is forced to “fight”
(having the energy density of interaction with the medium of the
order of (¢—1)|E|*/8m) when this light field “tries” to enlarge the
electronic orbits.

2.2 Orientational nonlinearity of isotropic liquids

Most molecules have anisotropic polarizabilities at light frequency.
For example, the polarizability tensor of carbon bisulphide is 8, =
Bymne + B, (8, — mn,), where nis a unit vector along the molecular
axis and B, = 15.10"**cm?, B, = 5.10~2*cm?>. The interaction energy
of the field with a molecule, averaged over a few light periods, has
the form Uy = — B, E;E;/4, i.e. contains a part

dUg = —(By — B.)(nE)(nE¥)/4 (2.8)

which depends on the mutual orientation of the vectors E and n. The
initial isotropic distribution of the molecular axes in the presence of
the field is modified by the Boltzmann factor

j(m) ~ exp[ ~8Ug(n)/ksT]

where kT is the temperature in energy units. The medium dielectric
permittivity tensor e, = 1 + 47N [ o, (n)j(n)dO, is also changed
as a result. Omitting the indicies of the tensors one can write ¢ = g,
+ 0.5g,|El? in a first nonvanishing approximation by |E|> where the
following estimate is obtained for &,:

2 2
£ ~ 417<B 5 Bi) (8?\/1:3;) (2.9)
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The comparison of the electronic and the orientational contributions
to the constant &, shows that

2
€20rient — % (M) (2 10)
€2¢lectr kBT B '

The advantage factor of the orientational nonlinearity #w,,/k5T is
of the order of 100, if (B; — BL)/B* ~ 1, T ~ 300°K, kzT ~ 2.6
10~ 2%eV, hw,, ~ 3eV. Actually, for carbon bisulphide the orientational
contribution to g, is the main part, &, ~ 1.2 - 10~ em%erg. One can
say that the energy density “resisting” the orientational action of the
light field is NkpT (erg/cm?).

For the advantage factor we have to pay by a longer establishment
time. The orientational mechanism of nonlinearity responds with a
time of the order of the orientation relaxation constant, T ~ 1012
— 10710 5. This means that, in any case, the orientational nonlinearity
does not allow the generation of the third harmonic of the light (there
is no term P ~ EEEe~%*" due to the orientational contribution).

The orientational nonlinearity of the L.C isotropic phase increases
as (T —T,)™!,i.e. by the Curie-Weiss law near the point of transition
to the mesophase. The increase of the constant &, by about a factor
of 10 has been observed experimentally in this way for T — T, ~ 3°C
with the relaxation time increasing by about the same factor.!? It is
difficult to investigate by traditional methods the optical nonlinearity
for smaller values of T — T, because of the existence of strong opa-
lescence.

2.3 Phase matching in nonlinear interaction of waves

The Maxwell equations can be approximately reduced to an
D’Alambert type equation (we temporarily neglect the vectoral char-
acter of the field)

1 9°D
AE — Sap = 0; D = ¢E + 4mwPN- (2.11)

The incident monochromatic wave in the problem of second har-
monic generation can be taken in the form

E,exp(ik,z — iwt); ky, = (wlc)Ve(w)) (2.12)
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Then, for the field E,(r)exp(—2iwt) at frequency w, = 2w one can
obtain from (2.11)

167w?

C2

. 2
X E,E, ek, k2=7w\/e(u)2) (2.13)

AE, + k3E, = —

The solution of this equation, depending on z only, has the form

1677(,02E1E1 e
?[(2k,)* — K3

E2 = Cleikzz + C26~ik22 + 2ik1z (214)

where the constants ¢; and ¢, are chosen so as to satisfy the conditions
on the boundaries of the nonlinear medium. It is seen from (2.14)
that the highest efficiency of the generation is achieved when k% =
(2k,)?. This can be interpreted in quantum-mechanical language as
the energy and momentum conservation laws in an elementary act
of the three photon process

ho + ho — A2w);  kk, + fik, = Gk, (2.15)

In the language of classical waves the condition of the second
harmonic effective generation

k, + k)? = (20) eQ)/c (2.16)

is usually called the phase matching condition. In general, the exciting
field can consist of two plane waves with wave vectors k; and k{. The
Eq. (2.16) means that the second harmonic elementary waves excited
in various points of the medium are added in phase during further
propagation.t Phase matching condition for the third harmonic gen-
eration has approximately the same character: (3w)?e(3w)/c? =
|k; + k; + Kkj°. Special attention should be paid to the following
term in nonlinear polarization

P(r)e=t = xDE(r)E*(r)E(r)e ! 2.17)

The polarization (2.17) automatically satisfies the phase matching
condition if the incident wave is plane E ~ exp(ik,r) with k,| =

1 Usually &(20) > &(w) because of dispersion and therefore, for phase matching one
must use waves of various polarization types in anisotropic crystals (see any textbook
on nonlinear optics).
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wVe/c, since P(r) ~ exp(ik;r). An additional phase modulation of
the plane wave appears

» we
— k , k — - 2 == 2 2
¢(2) z - Ve, + 0.5e,|E] ky + 4z, |EI%,

WE,H

8(P(z) = 4C\/€_0

|E|’z (2.18)

Consider another important case, when the incident monochro-
matic field consists of two plane waves

E(r)e~ = (Ee™ + E,e*)e i (2.19)
These waves induce in the medium (due to the orientational non-

linearity, for example) a disturbance of the dielectric permittivity of
the form

de(r) = - &, (|Ey* + |E2|2)

0=

1 . ,
+ 5 02 [ExEfe® 7 + EfEyemittr] - (2.20)

consisting of the homogeneous base |E,|> + |E,> and the periodical
volume grating caused by interference of the fields E, and E,. Let
us write explicitly the nonlinear part of the induction D, arising as a
result of the scattering of the wave (2.19) on the disturbance (2.20).
We have

DML(r)e " = 3e(r)E(r)e " = % e, M(r)e *;  (2.21a)
M(x) = (|E)? + |E)) (E;e™" + E,e™) (2.21b)
+ (E,E})E,e™™ + (EfE,)E e (2.21¢)
+ EiEjfe!i-lor 4 FIf}ei@ke—kor (2.214d)

If the waves E; and E, propagate at considerable angle relative to
each other, the quantities |2k, — k| and |2k, — K,| strongly differ
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from k, see Figure 4. One can say that the terms (2.21d) do not satisfy
the phase matching conditions (i.e. the Bragg conditions for the scat-
tering on corresponding gratings) and, therefore, are unimportant.
The terms (2.21b) have a trivial nature—the correction to the me-
dium refractive index due to the homogeneous base. It is remarkable
that the complicated enough process—the recording of the dielectric
permittivity interference disturbance de ~ E E3 expli(k, — k,)r] and
the subsequent scattering of the wave E,exp(ik,r)—gives the induc-
tion

1 s
BDe~™ = = eo| EPEyehrr i (2.22)

automatically satisfying the phase matching condition. The expression
(2.22) has the character of a correction to the refractive index of the
wave E;, but proportional to “another’s” intensity |E,|* only. Anal-
ogous statement can be made also for the second term in (2.21¢). As
a result, for the length of wave vectors k; and k, we can write

2
o 1 1
k? = <z> |:80 + 582(‘E1‘2 + |ExP) + ESZIEZP]’
, (2.23)
® 1 1
k3 = (;) [80 + 582(|E1|2 + |E2|2) + 552|E1|2:|

Let us emphasize once again the surprising character of the result
(2.23). Gratings of the dielectric permittivity are really recorded in

FIGURE 4 The vectors k, and k; have their length determined by the wave equation,
|k,| = |k,] = wn/c. The lengths of the vectors 2k; — k, and 2k, — k, do not satisfy
the wave equation.
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the medium. The waves satisfying the Bragg condition for scattering
on these gratings are really propagating in the medium. However,
for purely real e, = €3 this scattering does not yield the real energy
transfer from one wave to the other, but only modifies the effective
refractive indices of the waves. The contribution of the “grating”
processes under consideration is described by the last terms in the
formulae (2.23).

Still one important case corresponds to the incidence of three waves
on the medium:

E(l') — Eleiklr + Ezeikzr + E3€[k3r

Here, besides the above considered self-action processes as well as
two-wave interaction, specific terms in nonlinear induction arise pro-
portional to all the three wave amplitude’s product; for example,

P4(l‘)€7i°" = ZX(S)EIEzE;‘ exp[l(kl + k2 - k3)l' - l(l)t] (2.24)

For arbitrary mutual orientation of the wave vectors k;, k, and k;,
the phase matching condition

(wlc)e = (k; + k, — k) (2.25)

is not satisfied. Note a very important particular case. Let the waves
E, and E, belong to the same polarization type and propagate exactly
in the mutually opposite directions. Then k; + k, = 0, and the
condition (2.25) is transformed to (—K;)*> = w?e/c?, i.e. turns out to
be fulfilled. The polarization

Pyr)e i = 2xOFE F,E¥exp[ —iwt + i(—kj)r]  (2.26)

effectively and coherently generates the wave E, with wave vector
k, = —Kk; exactly opposite to the incident wave E; independent of
the direction of k. This means that, for a signal of complicated spatial
structure E5(r), the wave E,(r) has the form

E r)e~ ~ E¥(r)e ™ (2.27)
1.e. corresponds to the phase conjugated field. Generation of phase

conjugated fields is one of the most active points in modern quantum
electronics and nonlinear optics, see [3,4].
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2.4 Wave picture of external self-focusing and self-diffraction

Assume that a plane monochromatic wave with intensity distribution
I(x,y) = |Eq(x,y)|? inhomogeneous in transverse cross section (x,y)
is incident on a nonlinear medium layer. Dielectric permittivity dis-
turbance d&(r) = 0.5 g, |E(r)|? arises in the medium and distorts the
field phase distribution (wavefront). We shall assume for simplicity
that the layer is not too thick so that deflection of the rays because
of the wavefront distortion would not change considerably the dis-
tribution of amplitude |E(r)| within the limits of the layer. Then the
field at the exit from the layer of thickness L can be written in the
form

E(z=L,x,y) =

LW . we,L )
EO(X,)’)eXP[l C\/;:;L + 14(,‘\/8_01E0(x,y)' ] (228)

Further, it is necessary to solve the problem of wave propagation in
a linear medium (more often—in vacuum or, which is approximately
the same, in the air) along the positive direction of the z-axis with
the initial condition (2.28) in the section z = L. We shall confine
the discussion mainly to the form of this solution in the far zone, i.e.
when z — . Experimentally, instead of the field distribution in the
far zone, one sometimes observes the equivalent field distribution in
the lens’ focal plane.

Consider first the case where Eq(x,y) represents a plane wave with
a bell-shaped distribution of intensity, Figure 5a. Then the wavefront

|Ea(x)}?

]

-

“ N
/ \
]

a b C

FIGURE 5 Intensity transverse distribution |E(x)|* in the incident beam (a), the
form of the transmitted beam {b) and geometrooptical rays propagating 1o the far zone
at the given angle 8 (c).
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of the radiation transmitted through the layer will be concave in the
central region if &, > 0, see Figure 5b. The ray deflection angle from
the axis in the geometrical optics approximation is determined by the
normal to the wavefront and can be calculated by the formula

- 8L (6 4 2
0 = (ex’ay) - 4\/8—0(ax’ ay) lE()(x,y)l (229)

Maximum deflections carry the rays corresponding to the intensity
transverse profile bend point. One can estimate

eoL|Eof?
O max e a, (2.30)
where a | is the transverse size of the beam with a bell-shaped profile.
Two points of wavefront (two beams) radiate simultaneously in the
direction with a given angle 0, smaller than 6,_,.; it is not difficult to
see that from a simple geometrical construction, Figure 5¢. The cor-
responding points of the initial wavefront diverge when 0 decreases
from 0,,,, to zero, and when 6 — 0 one point moves to the center of
the beam and the other to the far periphery. The fields of the two
beams add coherently in the far zone forming the typical structure
of angular distribution in the form of interference circular fringes (see
Figure 2). It is not difficult to understand that the total number of
fringes corresponds to the phase difference in the periphery and in
the beam center divided by 2m:

N = [o(r = 0) — ¢(r = »)]27 = g,L|Ej|¥4Ves N (2.31)

Note that the first part of this formula is correct also in general
case, when the simple relation (2.28) is not obeyed.

The intensity in the beam center may be represented in the form
|E(r)|? = |[EQO))2(1 — 2r¥a? + ---); then from (2.28) it follows for
the nonlinear lens focal length

_ _ eHEOP L
= e (2.32)

This formula, of course, is related only to the central part of the
nonlinear lens; this lens possesses very strong aberrations with the
latter giving rise to the fringe interference structure.
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Consider now another important problem on light wave transfor-
mation by a nonlinear medium layer. Let the field E(z = 0,x.,y),
incident on the layer, consist of two plane waves directed at small
angles relative to the z-axis:

Eo(x) = Eleiqlx + Ezeiqu

where |q,,/k| = [sina; ;| << 1. We will assume that the intensity
distribution is the same along the whole layer thickness:

Ix)y =1, + L, + 2V, cos(qx + Ag)
where (2.33)
I, = |[E, q = 491 — 42 A¢ = arg(EE3) .

In the same approximation the layer can be considered as transparent
with a given phase profile of transmission:

E(x,z = L) = Egexplig, + incos(qx + A¢)],

we,L we,
= vV = —_— 34
T 26\/% L, Po L[ko + 46\/5(11 + Iz)jl (2 )

It is not difficult to obtain the expansion of the transmitted
field into elementary plane waves using the known equality

exp(incosy) = . i"J, (n)exp(iny), where J, is the Bessel function of

index n. Further, in free space, the wave E(z = L,x) = exp(ipx)
propagates, according to the wave equation, by the law explipx +
i(z — L)YVk§ — p?]. Asaresult, the field after the nonlinear medium

layer has the form
E(x,2) = Ele"“"’Z c.expli(q, + nq)x + nde¢ + izVki - (q, + ng)’l;

¢ = [‘,n(n) + iJn+1(T|) \7 11/12] '

- exp [~iLVKE — (g, + ng) ) (2.35)
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Thus, beside the initial waves with the transverse components of wave
vector q; and ¢, = ¢, — g, additional waves arise corresponding
to higher order diffraction on the phase transparency with sinusoidal
relief.

In the previous sect. 2.3 such “higher orders”™ of diffraction—the
terms (2.21d)—were omitted as non-satisfying the phase matching
condition. But here the violation of the phase matching condition is
small due to the assumption that the angle between k; and k,
is small. The small thickness helps to compensate the remaining
small discrepancy in the wave vector by the uncertainty relation
|Ak,| = L1

For simplicity we have assumed that the light waves are incident
almost normally to the layer (incidence angle a,; << 1}). If o, is
not small, then it is necessary to use the length L/cosa of the path
that the wave passes through the nonlinear medium.

The remarkable advantage of the self-diffraction method is its high
sensitivity. Namely, even for very small value of the parameter m,
new waves are radiated in the directions k, = g, + ¢ = 29, — ¢»
and k, = g, — 29 = 2q, — q,. Their intensities, in this case, are
small enough, of the order of I;m%4 and I,n*4, respectively. It is
important, however, that there are no waves in these directions with-
out nonlinearity. Thus, registration of a signal at a level ~10~* from
incident (which is not difficult) allows one to find the existence of a
nonlinear interference with the parameter ny ~ 2.10~2. The sensitivity
of the method can be further increased by using the heterodyne
technique to register the diffracted beams.

Fortunately, the nonlinearities of LC turn out to be so great that
there was no need to improve the sensitivity.

If the intensity of one of the waves (for example |E,|?) is very small,
the corresponding expressions for the intensities of various diffracted
beams can be obtained either from (2.35) or directly. The latter
method is simpler and is presented here. Let E,, = E(r) + E,(r)
and {r) = expliC,(|E\? + |Ey]?) + iGEE} + iCyET E,); the previous
consideration corresponds to the particular case C;, = C, = C; =
d¢/8|E|*. Then the transmitted field E, = E,#(r) to a linear accuracy
by E, or E5 can be represented in the form

E, ~ eCEP[E, + Ey(1 + iGIE,|») + iEXNC,E?)] (2.35b)
In other words, the weak wave [E,? is amplified by a factor

|1 + iC5|E|*?, and a complex conjugate wave E' = E(iC,E?) ap-
pears.
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2.5 What is stimulated light scattering?

Above in § 2.3 we considered recording of a space grating of the
dielectric permittivity when two waves E; and E, of the same fre-
quency interfere. Qualitatively different situations can arise if their
frequencies differ and the nonlinearity establishes during the time
t = I'"1, where T'(s~1) is the relaxation constant. Thus, let

E(l‘,t) = Elefklr—imlt + Ezeikzr—imzt (236)

The establishment of perturbations of 8= can be described with the
aid of the simplest relaxation equation

199 1 o o
f;ﬂi t+8e = 582[1E1|2 + |E2|2 + EfE,e " ti 4 F FXelar—ik]

(2.37)

where ¢ = k; — k;, & = w; — w,. Unlike the case with equal
frequency waves, the interference gratings d¢(r,f) are generated here
with different amplitude and phase relatively to the base:

1 E'E,

Beumlrt) = 5827 orer ™+ CC (2.38)

The (2.21d) type terms do not play a role due to their non-phase-
matched character. The scattering of the wave E, exp(ik,r — iwf) on
the first term in (2.38) automatically satisfies the Bragg condition for
the generation of the wave E,exp(ik,r — iw,t), i.e. gives induction

1 -/

T+ oo @3

) , 1
3D = Be,p(wy) Ejeor—ion; Oe, = 552|E1|Z

Itis very important that the medium effective dielectric permittivity for
the wave E, get animaginary addition meaning amplification {(or absorp-
tion). Actually k; = 0,Ve, + de/c = 0,V eg/e + 0,9¢,/2¢V e 50
that |E,|* ~ exp(gz),

@, Tmde,  welEf 20T
J c Ve, 4Nz, 1+ QUI?

(2.40)
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The gain coefficient g (cm™!; by intensity) of the wave E, turns
out to be proportional to the power density of the wave |E,|*. The
process of E,-wave amplification (for ) = o, — w, > 0) is conditioned
by energy transfer from the wave E,. The wave E, usually is called
the “pump” and the wave E, the “signal.” The process of energy
transfer goes in opposite direction when Q < 0 and does not take
place, according to the results of § 2.3, when = 0.

The process under consideration is called stimulated scattering of
the orientational wing of the Rayleigh line, if the equation (2.37)
describes relaxation establishment of orientational nonlinearity in an
initially isotropic liquid. It can be shown that any kind of light scat-
tering on equilibrium fluctuations of a medium dielectric permittivity
(or on quantum fluctuations of individual molecules’ polarizability)
has its stimulated analog.

By analogy to the Einstein relation between spontaneous and stim-
ulated emission of photons, there is a connection between the am-
plification g for light stimulated scattering and the extinction coef-
ficient d?R/dodw (s - steradian~! - cm~1), characterizing spontaneous
scattering:

k% d*R(w, — ,)
892 = 505 T ooy

ﬁ%{l — exp[—h(w, — wz)/kBT]} ;o (2.41)

I

S1 = cVeo|E,[H8n (2.42)

Here S,(erg/cm?3s) is the pump power density. The relation (2.41)
can be written in the form g = GS;, where G is a constant charac-
terizing medium properties. Pump power density in nonlinear optics
is usually expressed in Megawatts per cm?, and then [G] = cm/MW.
Let us give some typical figures. For stimulated Brillouin scattering
in carbon bisulphide G = 0.15 cm/MW, the constant of sound relax-
ation I' = 1.8.10% s~ 1.

Usually the signal wave E, arises as a result of extremely weak
(dR/do ~ 1077 cm ') spontaneous scattering of the pump E,, so that
very strong amplification exp(GS,z) ~ % to €%, is required for
stimulated scattering observation, i.e. it is necessary to satisfy the
threshold condition GS,z = 20-30.



Downloaded by [Tomsk State University of Control Systems and Radio] at 14:17 19 February 2013

20 N. V. TABIRYAN, A. V. SUKHOV and B. YA. ZEL DOVICH

The gain coefficient of light stimulated scattering characterizes the
imaginary part of the corresponding component of the medium po-
larizability cubic tensor x®. The knowledge of J,,x*(Q) allows one
to reconstruct Rex®({2) by dispersion relations of the Kramers-Kronig
type. Thus the cubic polarizability tensor x®({2) can be expressed in
terms of the light spontaneous scattering cross-section. We do not
write down the corresponding (complicated enough) formulae. Only
the general conclusion is important for us; the media with strong
thermal-equilibrium light scattering possess proportionally stronger
cubic optical nonlinearity. It was just this statement that brought the
authors of the present review to the studies of liquid crystal optical
nonlinearity.

The thermal-equilibrium spontaneous light scattering in meso-
phases is known to be very large, dR/dO ~ 10 to 100 cm ~ 1, therefore
the threshold condition for stimulated scattering here is GS,z = 3-5.

3 DERIVATION OF THE BASIC EQUATIONS OF THE
THEORY

3.1 Euler-Lagrange-Rayleigh variational equations

The equations of the equilibrium state of liquid crystals are usually
obtained from the variational principle according to which the free
energy % = [Fd’r at a constant temperature in the established state
must have the minimal value. If the free energy density F (erg/cm?)
depends on some number m of independent variables U,,(r) and on
their derivatives 8U,,/dx;, then use of the variational calculus standard
methods gives the system of equilibrium equations

9 ®F  ®F
ox; 83U, /ox;)  8U,,

=0 (3.1)

(the Euler-Lagrange equations). To describe the establishment proc-
esses it is necessary also to introduce the dissipative function density
R(U,,), such that the rate of energy relaxation to heat will be equal
to 2R (erg cm~3s~!). The dot in U,, means here the time derivative.
Then, instead of (3.1) one must write

4 8F  BF  B®R
ax; 8(aU,,/ox)  dU, ¥,

=0, (3.2)

the Euler-Lagrange-Rayleigh equations.
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Usually densities of free energy F and dissipative function R are
chosen by phenomenological considerations, with proper account of
the requirements of invariance under groups of translation, rotation
and so on. At first sight, it would be possible to write directly the
phenomenological equations satisfying the same requirements,

The use of variational principle really gives no advantage, if we
had only one independent function U. However in the presence of
several variables (for example, Cartesian components of the director
n) the use of the variational principle allows one to take account of
reciprocity relations, which may turn out to be difficult to obtain
directly from the written equations. For example, the “force” f,, = oF/
oU,, satisfies the symmetry relation df,,/0U, = 9f,/oU,,, since both
derivatives are equal to 8°F/aU,,0U,. By analogy, when the dissipative
“forces™ f,, are obtained by differentiation of a single function R,
they automatically ensure the fulfillment of the Onsager’s principle
of symmetry of the Kinetic coefficients of,,/aU, = of,/aU,, = 4R/
aUnaUm'lsl,ISZ

Besides, the presence of special type symmetries of the function
F, playing the role of a Lagrangian, allows one directly to write the
conservation laws by the E. Noether theorem, see e.g. [102].

3.2 Elastic (Frank) part of the free energy

Nematics and cholesterics are defined by the unit vector of the di-
rector n, [n| = 1, n and —n are equivalent. The density F of the
distorted state free energy is taken in the form

1 1
F = %Kl(divn)2 +3 K,(nrotn + q)? + §K3[nrotn]2 (3.3)

Here g = 2w/h, where A is the cholesteric helix equilibrium pitch,
K, K;, K; are the Frank constants having the dimensions of dyne;
g = 0 for nematics. The dissipation function density will be taken in
its simplest form

R = %’yﬂz (3.4)

where v (poise) is the constant of orientational viscosity. Note that
here we neglect the interaction of the director with the hydrodynamic
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degrees of freedom, see in detail.>*3+152 ¢ is impossible to use directly
egs. (3.1) or (3.2) and the free energy (3.3) since the three quantities
n., n,, n, are connected by the relation nZ + nJ + n2 = n? = 1.
There are two ways to deal with the problem. First, one can explicitly
exclude the dependent variable: to take n, = (1 — nZ — n?)'?2, for
example, or to use spherical coordinates 6, ¢, or some other two
independent variables. But if it is desirable for some reasons to pre-
serve the form which symmetrically treats the three Cartesian com-
ponents, n,, n, n, it is possible to use the method of the Lagrange
indefinite multiplier A(r), see [S]. The term 0.5A(r)(n?> — 1) is added
to the free energy density in this method, so that the variational
equations take the form

dF N 8 ®F 3R N

dn,  ox; 8(onlax)) By = M

To determine the multiplier A(r) it is sufficient to multiply both
sides of this equation by r, and to take into account the relation
n,n, = 1. This immediately shows that the equations obtained, with
the relation n? = 1, have the form

9 8F 8F B3R

'K[ax, d(dni/ox;)  dny Sﬁk] =0 My =0y = nimy
These differ from the ‘““usual” equations (3.1), (3.2) by the multipli-
cation by the operator Il of projecting on the plane perpendicular
to the local direction of n(r).

Smectics A and C are defined by a more complicated set of vari-
ables. We discuss corresponding contributions to the free energy
directly when we consider corresponding nonlinear-optical effects.

3.3 Electromagnetic part of the free energy (of the Lagrangian)

Interaction of the medium with external electric (€) and magnetic
(%) fields, with neglect of the electronic nonlinearity, is described by
contributions to the free energy in the form

1
Fe + Fy = — o (e%88x + nHH,) (3.5)

where &, and pf, are the tensors of dielectric and magnetic permit-
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tivity. In liquid crystals €% and 9 are usually uniaxial tensors having
the form

0 — .0 0
Ex = 10y + egnny

(3.6)

1
pa = (1 + 4mx™ )8, + 4’“’Xa<ni”k - 381k>

where x, ~ 1077 is the anisotropy of magnetic permittivity

For light fields it is necessary to take into account that in the
electromagnetic wave |E| ~ |H|. Since the anisotropy of the magnetic
polarizability is 7 orders of magnitude smaller than the anisotropy of
the dielectric permittivity, the influence of the magnetic field of the
electromagnetic waves (including light waves) on the director ori-
entation can be neglected. Besides, the square of real field EZ,, must
be replaced by 0.5 EE*, where E is the complex amplitude defined
by formula (2.1); this way the terms at doubled light frequency are
omitted. The symmetric, real tensor of the dielectric permittivity at
light frequency, is also denoted by ¢;, and then

Fp = =t eu(EMELD) X))

Variation of the sum of the expressions (3.3), (3.5) and (3.7) by
variables n at fixed €(r), ¥, E(r), E*(r) and the expression (3.7) by
variables 7, allows one to obtain the Euler-Lagrange-Rayleigh equa-
tions for the director relaxation rate or for the steady state case.

It is necessary to add to these equations the equations of electro-
statics rot% = 0, div(¢°€) = 0 and the Maxwell equations for the
monochromatic wave ~exp( —iwt):

—i%éE(r) = rotH, i%H = rotE (3.8)
It is convenient to reduce (3.8) to a single equation
(1.)2
rotrotE — o ¢(r)E(r) = 0 3.9

We can use the Maxwell equations for monochromatic fields even
for describing the transient effects of light interaction with the LC,
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since the light propagation time through the sample ~L/c < 10~ s
is many orders of magnitude shorter than any time for the LC ori-
entation process.

It is remarkable that the equations (3.9) also can be obtained from
the variational principle, if one takes this free energy (i.e. the La-
grangian with minus sign)

[ (s aEr _ oE, o
16| w?\ox, dx,  dx, ox;

R light =

- Eik(r)Ei(l’)Eiﬁ(r)} (3.10)

Here the quantities n(r) together with ¢, (r) must be considered
fixed in the variation, and E(r) and E*(r) must be taken as inde-
pendent variables.

Thus, the whole set of the required equations can be obtained by
variation of a single free energy—the sum of expressions (3.3), (3.5),
(3.10)—by the independent variables n(r), E(r), E*(r).

For example, consider the problem of the orientation of the NLC
sample with initially homogeneous distribution of the director
n = n° by the light with complex amplitude E(r). Consider also that
there is a magnetic field # = #n° applied to the sample parallel to
the undisturbed director. The Euler-Lagrange-Rayleigh variational
equations in linear approximation yield, by the perturbation &n(r,r)
= n(r,t) — n°

Y aaa_? + Ko[Vi(Vom) + (n°V)%n; — Adnj] — K,Vi(Von)

— K;(n®V)8n; + (K; — K))n?(mV)(Van) + x,Hdn,

= T Gundy + dunf — 2mHS)EE,  (3.1)
v

Here the condition (n°3n) = 0 has been taken into account.

Since the wrong statements concerning the variational principle for
a LC in light fields were published by some authors, we will discuss
that question in more detail.

The energy density in a light wave consists of the “electrical” term
¢|E[¥/16m and the “magnetic” term |H|>/16w. To simplify the consid-
eration we neglect here the tensoral character and the dispersion of
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the quantity €. As it is known, €|E|> = |H|? in a traveling wave, so
that the total density of the electromagnetic energy is twice as large
as the *‘electrical” term only. The additional contribution to the en-
ergy of the dielectric in the presence of a light wave, as a result, is
given by the expression

U, = (3.12)

where the bar designates time averaging. Below we will use the well-
known effect of electrostriction as an example. A medium is attracted
into the region with the higher light intensity, and the corresponding
additional pressure 3P is negative and equals

8P = —
P oo 16m

(3.13)

This expression has been repeatedly checked theoretically and veri-
fied by experiments on stimulated scattering of light on hypersound
waves. At first sight, Eq. (3.13) contradicts (3.12), since 8P should
be equal to

3P = p au (3.14)
ap

Here U is the energy density, p is the mass density. Actually, the
variation of (3.12) at the fixed field strength E yields the expression
twice as large as the correct one (3.13), and, what is even more
important, with the wrong sign!

The settlement of this seeming contradiction was given by
L. P. Pitaevski in a paper;® see also § 81 in the book.” The point is
that for the adiabatic, i.e. sufficiently slow change of the dielectric
permittivity e, neither the field amplitude |E| nor the induction am-
plitude |D| = |¢E| nor the energy density ¢|E|?/8m nor, at last, the
Pointing vector [S| = ¢Ve|E|*/8w or any of its components, are
conserved. The quantity which is actually conserved is the adiabatic
invariant, i.e. the ratio of the energy to the radiation frequency, which
coincides with the number of quanta times Planck constant #. In
other words, the number of quantum state (i.e. the number of quanta)
is conserved while we change adiabatically the parameters of
the medium. On the other side, there is a functional dependence
o ~ £~V for the given type of oscillation (for the given mode of the
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electromagnetic field in space). That dependence can be easily de-
rived for the example of a resonator of length L with refractive index
Ve, where the frequency of the m-th mode is determined by the
condition Lw,,\/e/c = mm. We obtain the result that the frequency
is virtually changed by the quantity 8w = —0.5wd¢/¢ with the virtual
change of €. The virtual change of the energy 38U, therefore, can be
obtained, with the use of the conservation of the adiabatic invariant
A = Uw, as

3U = d(wA) = Adw = —0.5Awde/e = —0.5Ude/e  (3.15)

The use of (3.15) for variation in (3.14) leads to the expression (3.13)
both with the right sign and with the right coefficient! That result was
formulated [6] as the following. The force acting on the dielectric in
the a.c. field can be obtained by variation of the electrical part of
the energy only, taken with the (—) sign, at the fixed field E:

U = 3(—e|EP/16m) _conse = — (JE[Y/16m)3¢e (3.16)
or the electrical part with the (+) sign at the fixed induction D:
U = 3(|DP/16me) - conss = — (|D|?/16me?)de
= —(|E¥16m)8e (3.17)

L. P. Pitaevski showed also® that the expressions (3.16), (3.17) re-
main correct if the frequency dependence of the dielectric permittivity
is taken into account. The expressions are easily generalized also to
the case of tensoral dielectric permittivity.

The essence of the mistakes made in a number of papers on the
orientational action of light on LC we shall illustrate by the example
of oblique incidence of a broad light beam on a planar layer of the
medium, in which the electrostriction effect is developed. The con-
siderations in those papers are approximately the following. Let us
take the total energy density U and (neglecting dispersion e(w)) ex-
press it in terms of the Ponting vector z-component S,

q2c2

_ dEP : (3.18)

E]? S,
S, \/e — U=2 slEF °
8 w 167 Ve - @’

The z-axis is directed here perpendicular to the layer boundaries,
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and q is the wave vector transverse component; as it is known, the
magnitude of q is conserved at propagation in the medium with z-
dependent dielectric permittivity. Varying the expression (3.18) for
U by e and considering S, = const (in contradiction with the con-
servation of the adiabatic invariant for virtual changes of €), we get

7 (3U 1U_ & - 2¢°c%o?
8U = | — =-=8% ——5— (3.19
v <88>Sz=const o 2e be € — q2c2/w2 ( )

It is obvious that (3.19) is wrong. First of all it has the wrong sign,
even at the normal incidence (q = 0)! Actually, it would follow
from (3.19) that the energy goes up along with the density increase
at de/dp > 0, i.e. that the medium would be pushed out of the region
occupied by the field and would not be attracted into it as takes place
in reality. Moreover, [3U]| from (3.19) also turns out to be wrong at
q ¥ 0.

Returning to the problem of L.C in a light field let us repeat once
more: the correct equations for the director are obtained by variation
of the sum of the expressions (3.3) and (3.10) at fixed E(r).

4 GON INVESTIGATION IN CELLS WITH LC

We have already noted in § 1.2 that the energy density, with which
LC resists the light field orienting force, decreases proportionally to
a2 when the space scale a of the inhomogeneity of the director
disturbance increases. Therefore if a is of the order of the cell thick-
ness, a ~ 10~ ?cm, the nonlinearity has giant value—9 orders greater
than the nonlinearity of liquid carbon bisulphide. Later we shall use
the term “‘giant optical nonlinearity” (GON) for the dielectric per-
mittivity distortion which is proportional to the 1-st power of the
incident light intensity and having space scale 4 maximal possible for
the given sample geometry. a will play the role of the cell thickness
L or the beam cross section size a, if a, < L.

4.1 Planar cell. Theory of GON

Consider a cell with a NLCin planar orientation, Figure 6. The normal
to the cell walls we shall take coincident with the z-axis, and the
undisturbed direction of the director n® coincident with the x-axis,
i.e. n® = e,. Consider also that the orientation is strongly anchored
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|
FIGURE 6 Oblique incidence of an extraordinary wave to the planar NLC-cell.

on the cell walls: n(z = 0,x,y) = n(z = L,x,y) = e,. Let a plane
monochromatic wave of the extraordinary type with wave vector k
and complex amplitude E = eE, where e = e* is the unit vector,
propagate through the NLC. The disturbed state of the system we
will seek in the form

n(r,) =~ e, + en,(z,5) + enyz,0) 4.1)

i.e. we consider the solution homogeneous in the (x,y)-plane. Then
we get from (3.11)

any azny €

i A —Y - a EE* + *
LAFY ? 922 1611( «Ey EE)

on a’n 3

— 2 = —L(E.E* + E'E 2
Y ot 1 822 161T( sz Ex z) (4 )

where only terms of the 1-st order in |EJ> were taken into account.
Let the light field intensity be turned on abruptly at the moment
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t = 0. Since the right-hand side of Eq. (4.2) does not depend on z,
one can easily obtain:

mmnz

7 4.3)

n,(z,t) = ZIA;'fZ (f)sin

u(e).(0),JEF 1

4a>yIT7, m

Fm__K._z_nﬂz Fm_&mz
»oy\L) 7 y\L)7

[y =1 — exp(=T7.0) (4.5)

A’;tz = f)"n,z(t) [l - (_1)"11 5 (44)

The multiplier m~![1 — (—1)"] is nonzero for odd values of m
only and corresponds to the constant function Fourier series expan-
sion in the interval (0,L). The constant I'"(s~') characterizes the
establishment rate for the corresponding sinusoidal mode. Having
the director disturbances (4.1), (4.3) it is not difficult to calculate,
with the same accuracy, the disturbance of the dielectric permittivity
dey = £,(n?dn, + nidn,) and the phase disturbance of the transmitted
wave.

Let us discuss the structure of the director disturbance given by
the expressions (4.3)-(4.5). Even in the transient regime (I't < 1), the
mode with the lowest index m = 1 is excited the most effectively; the
next mode with m = 3 has 3 times smaller amplitude when It < 1.
When I''t = 1, a stationary distribution is established, for which the
amplitude of the mode with m = 3 is 27 times smaller relatively to
the mode with m = 1; therefore we shall confine further discussion
to the contribution of this lowest mode.

If the light wave vector k is strictly perpendicular to the director
n?, i.e. if k, = 0, the polarization unit vector of the extraordinary
wave coincides with e, and the director disturbance is absent. The
director disturbance is identically zero also for the ordinary wave of
any direction of propagation because its polarization unit vector e is
strictly perpendicular to the optical axis. Consider now an extraor-
dinary wave with k, # 0, k, + 0. It generates deformations of both
types: twist (3n,) and splay (8n,). Usually the constant K, for twist
deformation is 2—3 times smaller than the constant K,; therefore the
corresponding contribution is established sfower (I' ~ K="), but at-
tains, for other equal conditions, a greater stationary value.
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Most of the experiments have been carried out in a geometry with
k, = 0, i.e. for the case, when the wave vector lies in the plane of

the normal e, to the walls and the undisturbed director n’ = e,.
Therefore, we shall confine ourselves, for simplicity, to a discussion
of this particular case, when the twist deformation is not excited. We
shall carry out first the calculations for a crystal with a small optical
anisotropy, g, << ¢, in order to avoid cumbersome calculations.
Then we can write k = k(e,cosa + e,sina), where a is the refrac-
tion angle, e = e,cosa — e,sina, and the beam path length through
the medium d/ is related to the change of the z-coordinate by
dl = dz/cosa, in other words, here we do not take into account the
small (of the order of ¢,/¢ ) difference in the directions of the group
and phase velocities. In the same approximation it is not difficult to
obtain the field phase change due to the disturbance of 8¢

dp 1 d¢ 1 o
dz  cosa dl  cosa 2cn edeu(2)ex (4.6)

where n = kc/w is the refractive index. As a result, we obtain for
the mode with m = 1 in the stationary regime

o e2sin’acosal’|E?
s = = La 4.7
® = = K, (4.7)

The z-component of the Ponting vector in the light wave with the
same accuracy is equal to S, = Scosa = cn|E|?>cosa/8. If the expres-
sion (4.7) is written in the form 8¢ = wlLe,|E|*/4cncosa (compare
with § 2.3) then we obtain the effective constant of nonlinearity &,:

4e2sin%acos’al.?
€, =K, 4.8)
Thus, the constant of the giant optical nonlinearity (GON) turns out to
be proportional to €2 (for moderate €,). The quantity &5 !(erg/cm?),
after extraction of the multiplier €; 2 and of the angular dependence
(sinacosa) ~?, coincides with the energy density K,/L? which is nec-
essary for strong (~100%) splay deformation in a cell of thickness
L.

As it is known, the order of magnitude of the Frank constants can
be estimated by the relation K/a2, ~ NkgT, where a,, is the molecular
size, N ~ a,,> is the density of molecules. In other words, the disturbed
energy density for 100% deformation with the scale a,,, coincides
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with NkgT within an order of magnitude. Comparing the estimate
(2.9) for the isotropic liquid (IL) orientational nonlinearity constant
with €, from (4.8) we conclude that the advantage factor for the GON
is

e(GON) (LY
e(IL) ~(> (49)

Actually, this factor is about 10° in agreement with experimental
results for L ~ 5.1073 c¢m, a,, ~ 1077 cm. Practically the same factor
governs the increase of the establishment time of the nonlinearity
7 ~ I'~1. That means that to obtain the given value of 8¢ one needs
approximately the same value of the product |E}%, both for NLC and
for IL; here ¢, is the light pulse duration.

We considered orientational effects in the first order in the light
field intensity. Let us estimate the power density, for which the re-
orientation angle becomes of the order of 1. The corresponding value
of |EJ? for sinacosa ~ 0.5 is defined by the condition

edEP K('n'>2
2w L
Numerically, when (L ~ 100 pm, K ~ 107¢ dyne, &, ~ 0.7, the
required power density is about 2,5.10° W/cm?. Such values are ac-
cessible to argon lasers. Qualitatively new effects do not arise in the
planar cell for greater power, but only nonlinearity saturation occurs.
It is interesting to note that an obliquely incident o-wave can also
produce the reorientation without threshold in intensity. The mech-
anism is the narrow-angle strong thermal scattering of the incident

beam and the subsequent e-wave-induced reorientation. To observe
that effect one should use a separate probe light beam.

4.2 Narrow beams

Up to now we considered the case when an infinite plane wave is
incident on a NLC layer. That model is valid only if the beam trans-
verse size a, is larger than the layer thickness L. The situation is
changed, if the beam is narrow, a, < L.

The calculation of the self-focusing effect in the latter case we
shall perform for a model of an infinite single-constant NLC, it’s
orientation along the direction n° being held by a static magnetic field
# = ¥n°. Here it is convenient to choose a coordinate frame with
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the z-axis along the beam axis so that E = e E(xy), n° = e,cosa +
e,sina, see Figure 7. The equation for the director perturbation n(x,y)
— n® = 6(e,sinc — e,cosa) can be obtained from the variational
principle:

0 &0
e + 52 — p7%0 = —B|E(x,y)]? (4.10)
Here p = (K/x,#?)"? is the magnetic coherence length, B = ¢,sina
cosa/8wK. Equation (4.10) can be considered as approximately cor-
rect also for the case when the initial orientation is held by the cell
walls and not by a magnetic field, if one makes the substitution p?
— L?m?, where L is the NLC layer thickness.

Solution of Eq. (4.10) can be obtained with the help of the Green
function:

80(x,y) =

—g f \EG y BEHP (o "Vi(x — X' + (v — y)D)dx'dy’  (4.11)

where iH{ (iz) = 2K,(z)/m is the zero-order Hankel function of the
purely imaginary argument. However, this expression (4.11) is rather
complicated and, therefore, we shall analyze separately the structure
of the solution in various regions of space for various limiting cases.

&

7 €,

FIGURE 7 On the choice of the coordinate frame in the GON problem for a narrow
light beam; e, coincides with the beam axis, undisturbed director is n® = e,cosa +
e, sina.
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The space derivative in (4.10) can be neglected when the beam
transverse size g, is large, a, >>> p; then the solution (4.10) has the
form 6(x,y) = p?B|E(x,y)?, and we reobtain the result of the previous
section. In the other limit, when a, << p, it is necessary to consider
separately the director behaviour inside and outside the beam. Fur-
ther, we shall consider separately the axial symmetric cylindrical beam
E = E(r), r = Vx? + y?, and the one-dimensional ribbon-shaped
beam E = E(x). For formulae simplification we also consider E(r)
= E, inside the beam of diameter 2a, (or of width Ax = 24 ) and
E(r) = 0 outside the beam. Inside the beam, and for a, << p, the
solutions of Eq. (4.10) are

2 ¥2
oa(r) = 7 BIEJ> + 6,, o0(x) = 5 BIE,> + 6, (4.12)

the first—for cylindrical and the second—for ribbon beams. The
reciprocal focal length of the corresponding nonlinear lens in those
cases is equal to (compare with § 2.4)

o1 = g2sin%a cos?a L|Eyf?
2 16mK

fit=2f;"1 (4.13)

The real distribution of intensity in the beam has a bell-shaped form,
and then the fringes of aberrational self-focusing arise; their number
equals

N

_er=0) —e(r=a) _IisﬁaﬂEOPsinzacosa (4.14)

2m 32wK

Here we related the number of fringes to the phase difference in the
beam centre and at its edge, but no simply with the phase in the
beam centre. The point is that, at a, <<<< p, the director perturbation
differs considerably from zero far outside of the beam, where the
intensity is equal to zero. The director deflection in the beam centre
(8, or 8,) is defined not only by the local intensity |Eq|*. For example,
in the one-dimensional case at a, << p we have

0, = —% Bp J' |E(x")Pdx’ (4.15)

i.e.|8,] ~ |6(0) — 6(a,)|p/a,, see Figure 8. On both sides of the ribbon
shaped beam peculiar nonlinear prisms are formed in this case. How-
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FIGURE 8 A narrow (2a, << p) ribbon-shaped beam generates the director per-
turbations in the region Ax ~ 2p.

ever it is possible to register them with the aid of a probe beam only.
Such tails of 0(r) distribution outside of the beam when a, << r <
p, for cylindrical initial beam, also must be present, but the quantity
0,/]6(0) — 6(a,)| is not so large in that case; it is of the order of In(p/
a,). This conclusion can be obtained from an analysis of the expres-
sion (4.11). For 8n(r,?) establishment time estimate it is necessary to
add the term yK~!(96/0¢) in the left hand side of Eq. (4.10). As a
result, one obtains that when a, << p the self-focusing lens must be
established during the time 1 ~ ya’/K, and the magnitudes 6, and
0, together with the tails of the function 8(r)—during the time 7' ~
yp*/K.

4.3 Homeotropic cell. Theory of GON

The effects to first order in the light intensity for the homeotropic
cell (n® = e,) are described by practically the same equations. An
obliquely incident ordinary wave does not cause GON, but an ex-
traordinary wave deflects the director at an angle 80 =~ n (z,t) in the
plane of n° and the wave vector K, where the x-axis is chosen so that
K = K(e,sina + e,cosa), a is the refraction angle. For 86(z,f) ~
|E? we have the equation

B P8 e,
Yo 922 16w

(E,E: + EIE,) (4.16)
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The solution of this equation will have a form analogous to Egs.
(4.3)-(4.5) for n, with the simple substitution K, — K;. The phase
shift in the stationary case is equal to

o e2sin’acosa L3|E?
dp = — 4.17
® " e K5 (4.17)

This expression has also been written within a relative error of the
order of € /¢ | . The stationary GON in a homeotropic cell is somewhat
weaker than in a planar cell for the same conditions, since usually
the constant of the bend effect is greater than the splay effect constant,
K; > K,. For the same reason, however, the hometropic cell is more
transparent than the planar one.

Here, in the meanwhile, we do not touch upon the light induced
Friedericksz transition, which can develop in homeotropic cells even
at normal incidence; it requires much higher power density for ob-
servation and will be considered in chapter 5.

The influence of the finite beam size on the GON (i.e. on reo-
rientation effects, proportional to the light intensity) in a homeotropic
cell must qualitatively be the same as in a planar cell.

Consider still one problem of interest for comparison with exper-
iment. Let two waves be incident on a cell (e.g. a homeotropic one),
both having the refraction angle « to the director and a very small
angle B relative to each other: k,, = k(e,cosa + e sina + e,B/2);
then the intensity |E[> will be modulated by the law

|[Ex)? = |E\|? + |E.? + E\Efe!” + EfE,e”*  (4.18)

where g = 2nw/A; A = NMnB = NB; Bai is the angle between the
waves in air. In that case Eq. (3.11) takes the form

990 9%50 9%80
yv— — K

€, .
P 25a ~ Ko = |E(x)?sinacosa (4.19)

The behaviour of x-independent terms was considered above; the
interference grating is also recorded:

€a|E1E2'

(2.0 = (1 = ™) e ily + K]

- cos{gx + Ao) - sin(mz/L) (4.20)
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Here A¢ = arg (ETE,), I' = [K;5(n/L)?* + K,q*]/y; we confine our-
selves, as before, only to the lowest harmonic sin(mmwz/L) with m =
1. As a result, the LC layer may be considered as a phase modulating
film with the phase shift 3¢(x) = ¢, + mcos(gx + Ag), where ¢, is
given by expression (4.17) with the substitution |E]? — |E\]> + |E,?,
and the parameter 7 in the established regime is equal to

_ o 2¢sin*acosal|E E,|
" T en WK (w/L)? + Ky

-1
2|EL\E,)| Kq*L?
= — | ] + ——— 4.21

o |E1|2 + |E2|2 K ( )

The expression (4.21) shows that the transverse inhomogeneity of
|E(x)[? leads to the additional term K,g? in the deformation energy;
therefore the interference term |E E,|cos(gx + A¢) gives a weaker
response. The electrodynamic problem of the light diffraction on such
a phase film has been discussed in § 2.4.

4.4 Planar cell with a nematic: experiment

Qualitative discussion of the results obtained in {8] was presented in
§ 1.1. Here we discuss them in more detail. A cell in planar orien-
tation was used with a NLC, comprised of 60% of mixture ““A” and
40% of the substance

CH, 5—{3—COO—<:§7CN

The liquid crystal had a nematic phase at room temperature and
initially was chosen in order to obtain good homeotropic alignment
in a large volume by applying a radio-frequency electric field (it has
g, > 0 at radio-frequency). For a number of reasons, however, elec-
trical orientation in a cell ~3 mm thick turned out to be unsatisfactory
and the first experiment was carried out using the same NLC with
planar orientation supported by the walls, preliminarily rubbed with
diamond paste.

The parameters of the medium were n, = 1.51, 0, = 1.71, K, =
8.5.10~7 dyne, the cell thickness was L = 60 wm. The quantitative
measurements of the self-focusing effect of a He — Ne laser radiation
(A = 0.628 um) with ideal Gaussian transverse profile were carried
out in two ways. In the first method different lenses were placed in
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place of the cell. Their focal length was chosen to give approximately
the same change of the beam angular divergence, as the self-focusing
effect gave. That method was convenient in the case where the num-
ber of fringes in the self-focusing picture was small, N < 1, i.e. the
divergence change was of the order of the initial diffraction divergence
of the Gaussian beam. The next method consisted of the measurement
of the number of fringes in the far zone of the transmitted beam, if
N = 1.° The results of both methods gave practically the same value
for the nonlinearity constant. Figure 9 represents the dependence of
the nonlinear lens equivalent force f~! on the beam power (Figure
9a) and on the angular factor sin’c cosa (Figure 9b). Both plots
demonstrate good linear dependence in accordance with the theory.

The absolute comparison of the expression (4.8) with the experi-
ment requires knowledge of the power density cn|E(0)|%8mw in the
beam waist, which is one of the most difficult questions of experiment.
The following expression describing the intensity profile change of
an ideally focused Gaussian beam during its diffraction in the air can
be used for this purpose

|[E(x,y,2)P = |EoH(1 + z%z3) "' exp[-2r¥ai(1 + 2¥z3)] (4.22)

Here z, = ka’/2, 2a, is the waist diameter (the full width at the
level equal to e~2 of maximum the intensity, 2a, = FWe™2M), z, is

1 1
- -1em-—1? s 1A —1
;' 10-'em g 10-'ecm

10 20 wmu 0 20 gin? acosa(10-2)

e

120 %50 295 3% o

FIGURE 9 The dependence of the inverse focal length on the beam power (a) and
on the geometrical factor sin®acosa (b) {8].
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the length of the waist, A = 2m/k is the wavelength in the air. This
beam in the far zone has a Gaussian angular distribution, j(8) ~
exp(—26%/63) with the angular width AQ(FWe 2M) = 20, = 2/ka,.
The magnitude 2/Ka, = Nwa, is the diffraction divergence of a beam
of size a, which has a plane wavefront in the waist. If the focused
beam is obtained by transmitting a parallel Gaussian beam of a di-
ameter D = FWe~2M through a lens with a focal length f, then @,
=~ D/2f and consequently a, =~ 2f/kD; it is assumed that a, << D.
The total power carried by the beam equals S = ca’|Ey|*/16.

In the experiments®® the focusing of a He—Ne laser beam by a
lens with f = 25 cm into the cell gave 24, = 240 pm, z, = 7 cm.
The magnitude 2a, was much larger than the thickness of the LC
layer (L = 60 wm); that justifies the use of the theory developed for
an infinite plane wave. The magnitude z, = 7 cm exceeded consid-
erably the whole thickness of the cell, 8 mm (LC + glass plates).

Experiment gave ¢, = 0,07 cm*/erg for the refraction angle o =
32°. Theoretical estimate by formula (4.8) gave exactly the same
value. Such an coincidence is, obviously, the result of accidental
compensation of a number of errors; for example, the values of the
constants K, n; — n, and the beam power density were known with
an accuracy of about 20% each.

Experimentally the establishment time is most conveniently defined
as the interval 7 during which the number of self-focusing fringes is
changed by an amount of 1 — e ! = 0.63 of its stationary value. It
turns out to be identical for intensity switching on and for its abrupt
decrease to a very low value (if the light is completely switched off,
there is nothing to be focused). For the experimental conditions {8,9]
it was '"! ~ 10 s. Hence by formula (4.5) the orientational viscosity
constant can be estimated as y ~ 2 poise—a quite reasonable value
for such media (the value of -y for that particular substance was not
known).

Experimental investigation of argon laser (A = 0.49 pm) radiation
self-focusing in a planar cell with MBBA of 50 wm thick has been
carried out in the paper.!® The method of nonlinear lens force meas-
urement was somewhat different from that used in.®” Quite satisfac-
tory correspondence with the simple theory for a plane wave was
obtained, although the beam width in the waist ~40 pm was already
comparable to the cell thickness. The measured value of &, for 50
pm thick MBBA and for the refraction angle a = 30° was 0.009 cm?¥/
erg. The relaxation time was 4.3 s. Orientational self-focusing grad-
ually was changed to thermal self-defocusing after exposure of ~4
min to a power of about 100 mW.
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In the paper!! the aberrational fringes number (N) dependence on
the cell thickness (L) has been investigated. For this purpose two
planarly oriented wedge-shaped cells with MBBA were used, allowing
the choice of the local thickness in the range from 17 to 100 pm (to
an accuracy of ~1 pm) and from 150 to 500 pm (to an accuracy of
~3.5 pm). The waist diameter of the focused radiation of the He—Ne
laser, A = 0.628 pm, with Gaussian profile was 2a = FWe~2M = 46
pwm. Experimentally the linear dependence of the fringes number (V)
on the parameter sin’a cosa and on the intensity was confirmed. The
dependences of InN on InL and 1(L) are represented in Figure 10
for the incidence angle o, = 55°. The dependence N(L) for the cell

in N

—L .
32 4 3 nk
1(8)
16k ° @ ® oo o
12
0.8}~
A i 1 p—
100 200 300 L(um)

FIGURE 10 The dependence of the fringe number and the establishment time on
the cell thickness [11].
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of small thickness (L < a\/2) is cubic according to the theory for
broad beams; for large L, the experimental values of N increase
somewhat slower than N ~ L!; the latter would follow from the theory
for narrow beams. The last effect was probably related to light scat-
tering effects in a thick cell. The establishment time, measured by
the appearance of the first several fringes, increases with L if
L < aV/2 and becomes constant 7 ~ 1.7 s at L >> a. The value 7
= 0.8 s for L = 37 pm coincides to an accuracy of 10% with the
theoretical expression T ~ vL¥w?K, if y = 0.7 poise, K = 10~ ¢ dyne.
The constant 7 is in good agreement with the same expression where
L >> a, if one takes a\/2 instead of L. Detection of the nonlinear
phase shift caused by the GON is possible not only by self-focusing
or self-diffraction, but also by the effect of interference of the wave
under consideration with a reference one not subjected to nonlinear
changes. If the two waves have identical polarization, the interference
leads to intensity modulation. But if the waves have orthogonal po-
larizations, the result of interference appears as the change of the
polarization state. In the experiment'? on the GON investigation an
ordinary wave played the role of the reference wave; it was obtained
from the initial beam having oblique polarization; the extraordinary
wave under consideration was obtained from the same beam and gave
rise to the GON. It is essential that the phase of the o-type wave was
not changed by the smooth GON-reorientation of the director.

The intensity dependent change of the transmitted wave polari-
zation was observed in;'? it corresponded to the e-wave self-focusing.
Let us emphasize that the o-type wave did not take part in the non-
linear interaction and played the role of a reference wave.

4.5 Homeotropic cell with a nematic: experiment

The GON in a hometropic cell was observed in the paper!® by the
focusing of a powerful enough (~0.12 W) radiation of the argon laser
(A = 0.5145 pum) to a cell with a NLC OCBP. In that paper the fringe
structure of the light self-focusing for oblique incidence of the ex-
traordinary wave was registered. The waist size was about 100 pm;
two cells were used with thickness 50 wm and 150 pm respectively.
The divergence of the self-focusing type was gradually increased with
the incidence angle increase for relatively low power level (W =< 40
mW). The number of fringes and the divergence angle A6 strongly
depended on the power (from 60 to 100 mW) and the saturation level
AB,,.. ~ 30° was achieved at the higher power.
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Detailed experimental investigations of self-focusing and self-dif-
fraction in hometropic cells with MBBA were carried out in the
paper.'* Argon laser radiation, A = 0.5145 pm, was focused on the
sample; the waist size 2a was about 40 pm; the thicknesses of the
cells used were 25, 50, and 75 um. The observed number of self-
focusing fringes agreed well with the theoretical predictions both in
absolute value, and in the functional dependence on the incidence
angle. Thus a nonlinear lens with the focal length f = 20 cm was
produced in a 50 pm cell for incidence angle 25° and power density
20 W/cm?.

A homeotropic cell of 75 um thick MBBA has been used in the
paper!* for self-diffraction effects investigations. The incidence of two
coherent waves separated by an angle B,;, ~ 0.8° gave an interference
picture ~cosgx with a period A = 2w/q = MB,, = 36.7 pm for A
= 0.5145 pm. The interference grating should be recorded [1 +
(Ko/K3)(2L/A)?] = 10 times weaker, than the homogeneous part of
the disturbance, here we took K, = 4.1077 dyne, K5 = 7.5.1077
dyne, K,/K; = 0.53, and L = 75 pm for MBBA.

The parameter m of the periodic phase modulation (see formulae
(2.34) and (4.16)) is very small for power levels §; ~ 5 W/cm? and
S, ~ 3 W/cm?. The intensity registration in the plus first and the
minus second orders of the diffraction (n = +1andn = —2in the
formula (2.35)) allowed one to measure the dependence of the pa-
rameter m on the incidence angle.

The dependence turned out to be in good agreement with the theory
up to an angle of 25°. Strong self-focusing was observed for a larger
angle; it distorted the experimental results on self-diffraction. The
dependence of the diffracted beam intensities on the laser radiation
intensity was Sy, ~ S2, in accordance with the theory up to S;, ~ 30
W/em?. Self-focusing again distorted the results for higher intensity.
Absolute measurements of the diffracted wave intensities also gave
good agreement with the theory; numerically a power ~1072 W/cm?
was radiated to the + Ist order of diffraction.

In the paper!® the phase grating was recorded due to the GON
mechanism in a homeotropic NLC-cell when two waves interfered:
one plane (E,) and the second—with a complicated wave-front (E5(r)).
These waves were directed to the cell with an incidence angle 15°%;
their central directions made an angle 0.7° with each other. The
reconstruction of the thin hologram obtained d¢(r) ~ EE3(r) +
EYE;(r) was carried out by a wave counter-propagating to the E;-
wave. As a result of reconstruction, besides other waves, the phase-
conjugate wave E, ~ E,E,E%(r) was generated propagating opposite
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to the wave E;(r). The ratio |E,/E,* was ~10~2 for a power density
10 W/cm? in each of the three waves. Strong effects of the GON-self-
focusing led to considerable distortion of the wave E,(r) in compar-
ison with the ideally phase-conjugate configuration E, ~ E3.

4.6 NLC-cell with hybrid orientation

Besides planar and homeotropic cells, it is possible in principle to
make a cell with a tilted orientation, homogeneous over the whole
volume: n = e_sinf, + e, cosh,, 6, = const. Then even for a normally
incident wave, the angle 8, between the wave vector of the e-type
wave and the director lies in the interval between 0° and 90°; therefore
GON must arise. If ¢,/¢, << 1 we can take E = e F for the vector
E of the normally incident extraordinary wave. The nonlinear phase
shift in this approximation equals

b0 = & £2sin?0,c0s0, L|E|*
¢ cn 'TTSch

(4.23)

where K, = K cos?0, + K;sin’8,; the director is supposed to be
fixed at the boundaries of the medium.

Here we shall discuss the case of hybrid orientation, where planar
orientation is fixed on the wall at z = 0, n(z = 0) = e,, and hom-
etropic orientation on the wall at z = L, n(z = L) = e,. Then

n(z) = e,cosf(z) + e,sind(z) (4.24)
and in the approximation K; = K; = K the equilibrium profile 6(z)

is linear in the absence of external fields: 8(z) = wz/2L. Then the
equation for 86(z,r) = 6(z,t) — wz/2L takes the form

00 %0
Yt 922
— . €q 2 2Y @i E * * lz
Tom [(IEX| |E,|?) sin T + (E.E¥ + E¥E,)cos L] (4.25)

The case of normal incidence is again of most interest. In the ap-
proximation of moderate anisotropy |E,| = 0, |E,| = const, and then

e |E. [ . Tz
30(z,) = (1 — e 1) 16#(‘“}/11)2 sin T (4.26)



Downloaded by [Tomsk State University of Control Systems and Radio] at 14:17 19 February 2013

ORIENTATIONAL OPTICAL NONLINEARITY 43

The correction to the e-wave effective dielectric permittivity is equal
to de.; =~ £,30(z,7)sin(mwz/L) and then integration gives the nonlinear
phase shift

o e2L3|EP

b = cn 64mK

(4.27)

We recall that to the same accuracy S(erg/cm?s) = cn|E[?8mw. Tilted
cell was not yet explored experimentally for GON. Very recently
GON was observed in a hybrid cell {103]; an important feature was
the presence of GON for any direction of incidence of ¢ — wave.

4.7 The influence of weak anchoring

So far we were considering a cell with the director strongly anchored
on a boundary. Director reorientation effects and the GON become
even stronger, if the anchoring is not strong. Thus, the possibility
appears for studying the orienting influence of the interface between
NLC and various media by nonlinear optics methods. Consider, for
example, a planar cell, in which the director is strongly anchored on
the boundary z = 0; n(z = 0) = e,, and on the boundary z = L
the condition is given by

dn, 1
1 + R n,=0 (4.28)
Here R, is the anchoring length. Boundary condition of the form
(4.28) can be obtained, if a surface term [F,, d>S is added to the free
energy, where F, (erg/cm?) = —0.5 o,n2. The parameter o, can be
called the surface tension coefficient anisotropy, and R, = K,/o,.
The Euler-Lagrange linearized equation for the steady-state

K,d?n,ldz* = —e,|E|*sinacosa/87 (4.29)

with the boundary condition (4.28) and with n,(z = 0) = 0 has the
solution

(4.30)

n(z) = _ &,|E[*sinacosa <z2 L 2+ §>

16mK, 1+§
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where § = L/R. When £ — o (strong anchoring on both boundaries)
the solution

_ g E*sinacosa

T6mK, z2(z - L) (4.31)

n.(z) =

identically coincides with the sum of the series (4.3) for t — . Note
that the difference of the expression (4.31) from the first term of the
series (4.3) is very small, ~3% in the cell centre. That was the reason
why we neglected practically everywhere the higher harmonics
~sin(mwz/L) with m > 1.

The director disturbance becomes greater for weak anchoring under
the same conditions, see Figure 11. Correspondingly the phase shift
increases:

7 o g,|E|’L?sin’acos®a 3
= o 1+ 4.32
® = 96 cn K, 1+ ¢ (4.32)

Expression (4.32) differs at £ — « from expression (4.7) by the factor
7%/96 =~ 1.01 since in (4.7) we consciously omitted the higher har-

ISﬂI‘

0 L Z
FIGURE 11 The director perturbations in the cell of thickness L for various values
of the parameter £ (in arbitrary units): 1) £ = 0,2) £ = 1, 3) £ —> =,
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monics contributions. The phase shift (4.32) at £ = 0 is 4 times larger
than the phase shift for strong anchoring on both sides.

If the wave vector of light is out of the plane (x,z), i.e. if k =
k(e,cosa + e sinacosB + e, sinasinf), the extraordinary wave elec-
tric field has y-component and, according to equations (4.2), must
also cause twist-deformation 8n, # 0.

Qualitatively new effect must arise due to the twist deformation in
a planar cell with one free surface. Namely, here at z = L the director
turns in the plane (x,y) at an angle 8¢ = n,(z = L), where

g, E[?
m(z) = 167K,

V1 — sin?acos? (sin‘asinBcosP) z(z ~ 2L) (4.33)

The transmitted wave polarization vector will be adiabatically turned
together with the director. The turning angle itself is small in com-
parison with the nonlinear phase shift in the same conditions:

sinBcosB V1 — sin’acos’PB

A
L cos’a

W 0.24

3¢

=

(4.34)

o

K,

a KZ

It is important, however, that it is easy to register the rotation of
polarization plane even when |3y ~ 103 rad. Besides, 3} measure-
ment can have some advantages for a NLC with relatively small value
of €,.

The above considered effect, 3¢ ~ |E[?, can be called the “nonlinear
optical activity” (NOA). Right-left asymmetry here is introduced by
the geometry of the vectors e,,n and k (vector e, is directed from the
‘“hard” to the “‘soft” wall). Let us write 3s in the form &y = ALP;
then at o ~ 30°, B = 45°, ¢, = 0.5, L = 10~ 2 cm, for the constant
AwegetA = 6.10"2rad cm/W. As is known, the order of magnitude
of the constant A for electron nonlinearity is A = 107" rad cm/W.

If the surface tension anisotropy o, has another sign, then £ < 0,
i.e. the surface z = L tries to orient the director not planarly, but
homeotropically. However, up to —1 < &, the influence of the hard
surface z = 0 supports the planar orientation along the whole thick-
ness. Homogeneous planar orientation becomes unstable only when
& < —1. This, by the way, one can also see from expression (4.29),
which diverges when § — —1.
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The case of a hometropic cell with one soft boundary may be
considered analogously. Boundary conditions then take the form

dn, 1 dn, 1
[dz + R nx]FL = 0, [dz + R ny]z:L (4.35)

Introducing a parameter § = L/R,, it is easy to obtain the same
result (4.32) for the nonlinear phase shift by a simple substitution K,
- K.

There are a number of theoretical and experimental indications
that the surface energy dependence on the director orientation is
much more complicated than described by the Rapini potential

1 1
F, = ) o, (nn%? = -3 o,sin?(0 — 8,) (4.36)

which we used. Therefore, there is a special interest in surface ori-
enting influence investigations by nonlinear optical methods, in par-
ticular, in the regime of large director deflection. There are reasons
to expect for relatively high experimental accuracy due to the pos-
sibility of calibrating geometrical and power characteristics of a light
beam on a cell with the same NLC, but with strong anchoring surfaces.

4.8 Twist cell (cholesteric with large pitch)

Consider the orientational nonlinearity for a planar twist cell. Let
the director undisturbed equilibrium orientation have the form

n’(z) = e,cosfy(z) + e,sinby(z), 00(z) = qz  (4.37)

We can deal with a cholesteric liquid crystal (CLC) with a large pitch
h = 2m/q or (when g < w/2L) with an artificially twisted nematic.
In the case of a large helix pitch, the polarization adiabatically follows
the optical axis rotation. Therefore the torque applied to the director,
turns out to be modulated in space as cosgz. As a result, the defor-
mation energy 3n?Kq? turns out to be considerably larger than 8n*K(n/
L)? for the GON in homogeneous cells; hence the nonlinearity be-
comes weaker. Let us give the final result for the nonlinear phase
shift 3¢ in our usual approximation g,/s, << 1.1¢

(4.38)

o e2|E]? (sin“a sinzacosza) L

cn 8ng? \16K, K, + K; / cosa
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The experiment!® was carried out with a nematic SCB mixed with
0.1 to 1 weight % of cholesteryl chloride. The helix pitch satisfied
the condition gL = mm, where m is an integer. Argon laser radiation
was used, A = 0.51 pm, with power up to 200 mW. It is convenient
to introduce a parameter { characterizing the ratio of the nonlinear
phase shift in a CLC-cell to the shift in a NLC-cell of identical thick-
ness and for the same values of the power density, K;,n,n, and
incidence angle a,;,. Experimental dependence of the parameter { on
the helix reciprocal pitch A~! is given on Figure 12; the solid line is
drawn according to the formulae (4.38), (4.7); very good agreement
is observed.

However, for very small pitch, i < Ne,, the regime of the Mauguin
adiabatic following fails, and the polarization unit vector of the light
field stays almost constant throughout the whole volume. At first
sight one might suppose that the giant change of the orientation of
the axis of CLC spiral is possible in that antiadiabatic regime, and
that the corresponding constant &, ~ L2e2/K. However it was shown

j=

ie

VA S

Il 1 L 1

00t 002 003 0.04 0.05 i/P (m m)

1

FIGURE 12 The plot of the parameter { versus the inverse pitch of the helix # *
[16].
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that for the Grandjean CLC cell with two or even with one hard
boundary the optical nonlinearity is considerably smaller. The reason
is that bending the axis of CLC results in change of the pitch and
hence produces high elastic energy.

CLC orientational nonlinearity connected with the structure change
within the period has been discussed above, see also Chapter 6. Such
a nonlinearity is weaker than the GON for NLC by the factor A%/ L?,
where h is the helix pitch. An interesting problem—the GON in
narrow beams (a, < L) for CLC—requires separate consideration.

4.9 Smectics-C

Smectic phase of a liquid crystal (SLC) is similar to the nematic one
with respect to the local orientation of the molecules. Therefore
smectic may be considered approximately as an optically uniaxial
medium. The free energy of interaction of SLC with the light field
is identical to that of nematics. However, the existence of a periodical
layered structure changes strongly the elastic properties of SLC in
comparison with nematics. Namely, the change of interlayer period
requires very high energy density. That is the reason why we shall
discuss only such deformations of SLC which keep that period con-
stant. We shall calculate how the light field excites such deformations
and how the latter modify the propagation of light.

A possibility of such deformation is most obvious for smectics-C.
If one takes the z-axis perpendicular to the flat smectic layers, then
the director n can be represented as

n(r) = e,cosd + (e.cos{(r) + e sin{(r))sind (4.39)
Here & = const # 0 is the angle between the director n and the
layer’s normal e,. The deformations (4.39) are characterized by the

distribution of the azimuth {(r) of the director projection on the (x,y)-
plane. SLC-C deformation free energy can be written in the form

2

1 . a

- 2 2y (25
F > (B,cos?{ + B,sin¥{) <6x>

2 2
Log e oo (), g (3
+ > (B,sin’¢ + B,cos?*t) <8y> + > B, (62)

+ 8132—5 <cos§2—i + sing g—i) (4.40)
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It is possible to verify that (4.40) is the most general expression
invariant over rotations and reflections in the plane (x,y). Non-
negativity of the deformation energy implies the condition |B;;| <
(B,B,)"?. For optically uniaxial SLC-C we have g,(r) = €,5, +
g n{r)n,(r) and the free energy of SLC interaction with a light field
takes the form

—16wF; = &,(EE*) + £,co8?¢|E,]? + ¢,sindcosd
- [EZ(E,cos{ + E,sin{) + E,(E}cos{ + E;sinl)]
+ g,8in’¢[|E J2cos?l + |E |*sin?
+ (E.E} + EJE))sin{cosl] (4.41)

The dissipative function can be taken in the form
1
R = Eys(ag/aty (4.42)

where vy Is a constant of the same dimensions as the orientational
viscosity of nematics +y; the order of magnitude is ys ~ +ysin®d.

For the GON discussion we shall consider the cell walls in the
planes z = 0 and z = L, respectively. For a broad beam a, >>L
and a definite type of polarization, the product E.E} can be assumed
to be constant throughout the cell volume, and then {(r,r) depends
only on z and, during the establishment process, on time ¢.

We shall choose {y(r) = 0, i.e. the c-director along the x-axis as
the undisturbed state. Linearized variational equations take the form

adL 3?8 e, sindcosd
5 _ g, o PO (EEF + EXE
Y ot B, 822 167 (E.E; :E)

g, Sin’d .
_— + E*E 4.43
+ B2 (EE + EIE)  (443)

An ordinary wave does not cause the c-director reorientation and to
obtain GON it is necessary to use an extraordinary wave.

For moderate anisotropy, ¢,/e, << 1, the electric field vector of
the e-type wave can be written in the form

E = |E|[k[kn]]/|[k[kn]]] (4.44)
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where the wave vector k is k = k(e,cosa + e, sinacosp + e sina
sinf). The change of the angle { under the action of the light field
in steady state, and for director strong anchoring on the boundaries
z =0and z = L, equals

{(z) = =dEP (z — L)sinasinBsind
TomB. z(z a in

* (sina sindcosp + cosacosd) (4.45)

The relaxation constant I'(s "'} is [' = B;mw?/y,L2. The nonlinear phase
shift for {(r) from (4.45) and for ¢, << ¢, is

.2 2
o elE| . . .
= — 2 —— ] 3sin’asin’P sin?
cn 96T B, Bsin“¢

- (sinasindcosf + cosacosd)? (4.46)

To an accuracy of geometrical factors, the GON for SLC-C proves
to be analogous to the GON of nematics. Note a characteristic prop-
erty of the GON for a SLC-C cell with layers parallel to the walls.
Namely, the GON vanishes not only for normal incidence, but also
in the case where the wave vector K is in the plane (x,z) or (y,z).
Note that at & — 0, when the n-director approaches the direction e,
of the normal to the smectic layers, the nonlinear phase shift decreases
as &2

Numerical estimates give here the value of nonlinearity about an
order of magnitude smaller than that for NLC, since the constants
B, have approximately the same values B; ~ 107 — 1077 dyne, as
K; for NLC, and sin*$ ~ 0.1. By analogy to the case of NLC, if an
SLC-C cell with one free surface is used, the nonlinear optical activity
i.e. light induced polarization plane rotation should take place.

Only one experiment on the orientational action of light on SLC-
C has been carried out [17]; however no numerical results were ob-
tained experimentally. Argon laser radiation was used with power
density ~100 W/cm? and the freely suspended layer of smectic had
unknown thickness.

The orientation of molecules in smectics-A (n-director) is parallet
to the smectic layers (¢ = () and the degree of freedom corresponding
to the c-director is absent for SLC-A. The director reorientation in
SLC-A generally must be accompanied by layers deformation, and
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therefore the GON effect in SLC-A must be absent (compare with
analogous statement for cholesterics in § 4.8).

5 LIGHT INDUCED FRIEDERICKSZ TRANSITION (LIFT)

The Friedericksz effect in static or radio-frequency fields (electric €,
or magnetic ¥) is well known. Generally any reorientation of the
director in the cell by external fields is called the Friedericksz effect,
see e.g. [15], § 4.2. If the unperturbed director and the field are
neither perpendicular nor parallel, then such a generalized Frieder-
icksz effect arises even for weak field: 80 ~ €2 or 30 ~ 2. However,
in a very important particular case, when the director of the unper-
turbed state corresponds to the maximum of the interaction energy
with the field (for example, n° | # and x, < 0), the reorientation
arises beginning from some threshold value of the field.

As it has been shown in Chapters 1 and 4, the light field also
reorients the LC director. This reorientation occurs already for weak
fields 80 ~ |E|2, as in the static case, at oblique incidence of the light
field; the effect is easily observed for an intensity ~50 W/cm?.

A threshold effect of the influence of light on NLC has been ob-
served experimentally in [13] by the use of much more powerful
radiation (~10°* W/cm?). The effect is observed if the light beam is
normally incident to an homeotropic oriented NLC cell, Figure 13.
For such a great power density S, even moderate relative excess over
the threshold, § — S,, ~ 0.3 S,, ~ 300 W/cm? leads to a very strong

E
—
/K_»

FIGURE 13 The geometry where the director reorientation has a threshold.
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reorientation and, therefore, to a very large increase of the trans-
mitted beam divergence. The effect observed in [13] was named “light
induced Friedericksz transition” (LIFT). By tradition this name is
used for designating just the threshold effect; the director reorien-
tation linear in the weak field intensity is named ‘‘giant orientational
nonlinearity” (GON). In the present Chapter we shall present at first
the theoretical results with the purpose to use them further for the
discussion of experiments.

5.1 Broad beams: threshold behaviour

The derivation of the threshold condition for the Friedericksz tran-
sition in a static electric field can be found in any textbook on liquid
crystals. For homeotropic aligned cells, n° = e, and ¢ = e,€ at
g0 < 0, the threshold is determined by the relation [e2€¥/4n =
Ks(w/LY?. At first sight, for determination of the LIFT threshold in
broad beams it would be enough to replace |2 by 0.5 ¢, EE*,
where E is the complex amplitude of the light field, and ¢, is the
optical anisotropy:

2
€ |E|t2h 2 v
Bl Lok, (2 5.1
ol SAVS CRY)

This is correct to an order of magnitude, and corresponding nu-
merical estimates give |[E|* = 2.5 erg/cm?for g, = 1, K5 ~ 10~ ¢ dyne,
L = 100 pm, the light power density equals cn|E[*8m = 500 W/cm?.

A more accurate theory must be based on the Euler-Lagrange-
Rayleigh variational equations and on the Maxwell equation. In this
section we shall consider the case of strictly normal incidence of the
light of the polarization e, to an homeotropic cell, Figure 13. For a
broad beam we can confine ourselves to a discussion of the problem
homogeneous in the plane (x,y). Then the field vector throughout
the cell will remain, from symmetry considerations, in the plane
(x.z) : E(2) = e,E.(z) + e,E(z); z-component appeared because
of the influence of nondiagonal components of the tensor e,, = ¢,,,
arising when the director is deflected. The director distribution may
be taken as

n(z,t) = e,cosd + e,sinb; 6 = 0(z,1) (5.2)
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Equation for 0 has the form

2

30 . 0 . 38
vy, = (K;sin*0 + K;cos®8) Pl (K; — K) sinfcosf (6—2>
Eﬂ

+
16w

[sin20(|E,|>? — |E.]*) + cos20(E.E* + EXE,))] (5.3)

Eq. (5.3) and the corresponding Maxwell equations have an exact
solution 8 =0, E = e, Eexp(iwn, z/c). For the threshold determination
we should linearize equation (5.3) in terms of the small deflection 9.
It turns out to be necessary to take into account the field modification
by the director disturbance even for the threshold calculation. Within
the required accuracy this modification can be found from the equa-
tion divD = dD,/0z = d(e,E, + ¢,,E,)/dz = 0. This equation gives
E, = —¢,FE, /e, so that in the linear in 0 approximation E, =
—¢,8E,/g;. The linearized problem is described by the equation

08 8%0

€ €
= =K, +-2(1- 2 EP 5.4
Y ot 3622 8’TT< EH>|EXl 0 ( )

The correction ¢,/g in (5.4) corresponds to the light field z-compo-
nent, arisen from the director disturbance; this correction is ~0.3
when ¢, = 0.9, g = 3, namely this correction changes the exact
calculation of the LIFT threshold from the simple replacement (5.1).
The solution of Eq. (5.4) is, with the boundary conditions 6(z = 0,f)
=06(z =Ly =0,

0(z,t) = 2—1 ¢, exp(—1T,,1) sin (mmz/L)

2
mm £, €,
r, =y 'K, (‘f) -y P (1 - _8-)|Ex|2
I

The lowest value of the threshold intensity has the mode with m =
1, the threshold condition I'; = 0 corresponds to

2
er cn ce K5 (m
Sm< g) = THER, = S (—) (5.6)

(5.5)

cm?s &m g, Ve, \L
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The disturbances’ characteristic growth (or attenuation) time slows
down near the threshold,

exp(—It) = exp[—‘yll;(l —Sim)tjl (5.7)

similar to FT in quasistatic fields.

5.2 The effects of polarization of the incident light

To determine the LIFT threshold in a beam with arbitrary polari-
zation state we shall write the director disturbance in the form

n(z,t) ~ e, + e0,(z,)) + ¢6,(z,0) (5.8)

Besides, from the equation divD = 0 we have E, = —(g,/g))(8,E, +
0,E,). As a result the equation for the director disturbance will take
the form

. 520, E* + E*
9 _ % | o (1 - E—) Bk + ElExy (5.9)

Jat h 3 @ g 8” 2
where the indices i, k take two values (x,y). Therefore, the LIFT
threshold is defined by the symmetrized matrix composed from x,y
components of the incident field. It is convenient to represent the
polarization matrix in the form (see, for example [19] or [20])

(EXE) (E*E)\ 1 . (1 +& £ —it
<<EjEx> (E;‘Ey>>—2<(EE )>(,é1 i, 1_§3> (5.10)

where the angular brackets mean averaging (for partially-polarized
light). The quantities &, &, &, are the components of the so called
normalized Stokes vector. Let us introduce the eigenvalues I, , =
0.5 (EE*)) [1 = (& + £)"?] of the symmetric part of the matrix
(5.10) i.e. values satisfying the equation

1
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and let e; and e, be eigenvectors of the matrix (5.11). Then the
solution of Eq. (5.9) has the form

8(z,f) = 2, sin TLﬂ—z [e1cim exp(—T1,00)
m=1

+ €30, exp( —I'y,t)],

Kym?n? g, ¢
r(l,z)mz'Yﬂ( 3L2 - —lhz)

8 ¢

(5.12)

The quantity I; corresponds to the intensity of the strongest com-
ponent of the linear polarized field. The LIFT threshold corresponds
to the condition I' = 0 so that

( erg ) ceYX(EE*))y,
Sth = 8
v

cm?s

2e K 2
=T 18/2 ; 2 L N1 (5.13)
g.£1°L71 + (§ + &)

If the radiation is completely depolarized (§, = & = & = 0), or
if it is purely circularly polarized (§; = & = 0, |&,] = 1), the threshold
turns out to be twice that for linear polarization. In the case &, = &,
= 0 the eigenvectors e, and e, are arbitrary and, therefore, the dis-
turbance direction in the established state above threshold depends
on some subtle effects (for example, on transverse distribution of
intensity in the beam).

5.3 Geometrical optics of an inhomogeneous nematic

The determination of the steady-state structure above threshold re-
quires the knowledge of the exact solution of the Maxwell equation
(3.9) in an inhomogeneous medium. The field E(r) we shall represent
in the form

E(r) = EO(r) exp<i 3°C- ¢) (5.14)

It is convenient to introduce the vector
P =Vy (5.15)
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which coincides with wave vector k divided by w/c for a homogeneous
medium, i.e. the length of the vector P is equal to the “phase re-
fractive index.” In the zeroth approximation in c/w it follows then
from (3.9) that

(PiPk -~ P%, + gik(r))El(cO)(r) =0 (5.16)

Equating to zero the determinant of the linear homogeneous system
(5.16) we get the known Fresnel equation for P(r) for the local value
of the tensor g,(r). We are interested in the case of a nematic in
which the director lies in the (x,z) plane,

n, = sind(z), n, = 0, n, = cosf(z) (5.17)
and the inclination angle 6(z) does not depend on the coordinates x

and y; the z axis is chosen here normal to the planes of the cell. The
Fresnel equation has the form

(_Pf 3 1) [(szinﬁ + P,cosB)?

€ £,

_ ino)2
N (Pccos® — P_sing)*> 1
]

] =0 (5.18)

We are interested in the second root of this equation, namely the
one corresponding to the extraordinary wave. Assume that an e-
polarized wave is incident on the cell from the air at an angle o, to
the normal in the (x,z) plane. By virtue of the translational invariance
of the problem to displacements along the x axis we can seek a solution
inside the medium of the form

U(x,z) = sx + Y (z), 5 = sinoy,;, (5.19)

1t follows then from the Fresnel equation (5.18) that

W = | Pz,

_ (g, )"(e, — % + €,c08°0)" — s¢,sinfcosh
€, + £,008%0

P.(z) (5.20a)
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where 6 = 6(z). The direction of the field vector E(r) is determined
from equation (5.16):

E, SP,(0) + &,sinfcos

5.
$? — ¢, — g,c08%0 (5.200)

ah’

The Poynting vector S = ¢[EH*]/8w can be expressed in terms of
the vector P with the aid of the equation H = [PE], this yields

S = siw [P(EE*) — E*(PE)] (5.21)

In the problem with ¢ = £(z) for a propagating plane wave, the
Poynting vector S(z) is itself far from constant. This statement can
be verified in a trivial fashion with a scalar medium having ¢ = &(2)
as the example. In the absence of absorption, however divS = 0, and
for the problem homogeneous in x,y it follows therefore that S,(z)
= const. It is easy to verify that a field in the form

E.(x,z) = A(e, — s?
+ g,cos20)* exp[i%(sx + llh(z)):| (5.22)

s(ee, )2 + e,sinfcosB(e, — s* + &,c0s%0)!?
L . .

exp[i% (sx + ¢1(z)):|

E,(x,2) = -A

(5.23)

is the solution, of interest to us, of Maxwell’s equations in the geo-
metrical-optics approximation. In this case A is constant and

. (S2) - e (5.24

cm?s 8
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5.4 Broad beams: above-threshold structure

The equation for the above-threshold steady state structure 